Using a Kaluza-Klein reduction of the Dirac-Born-Infeld and Chern-Simons action we compute the four dimensional N = 1 effective action for the massless modes of a D7-brane which is wrapped on a four-cycle of a compact Calabi-Yau orientifold. We do not consider a specific orientifold but instead determine the Kähler potential, the gauge kinetic functions and the scalar potential in terms of geometrical data of a generic orientifold and its wrapped four-cycle. In particular we derive the couplings of the D-brane excitations to the bulk moduli of the orientifold as they are important for the study of soft supersymmetry breaking terms. We relate the resulting Kähler geometry to the N = 1 special geometry of Lerche, Mayr and Warner. Finally we comment on the structure of the D-term which is induced by a Green-Schwarz term in the Chern-Simons action.
Introduction
Since the discovery of D-branes as non-perturbative states in string theory [1] they have been studied from many different perspectives. In particular D-branes have been used as a new ingredient in string model building in order to improve the link of string theory with particle physics and/or cosmology [2, 3] . In these models one considers a stack of space-time filling D-branes which give rise to the Standard Model or rather some supersymmetric generalization thereof. The D-branes are inserted into a space-time background which is a warped product of a flat four dimensional Minkowski space times a compact Calabi-Yau orientifold. Including orientifold planes in the compactification is a consistency requirement and necessary in order to satisfy the tadpole cancellation condition [4, 5] .
The massless spectrum of such backgrounds consists of the excitations in the CalabiYau bulk and those on the D-branes. The bulk contributes a gravitational multiplet, a set of Abelian vector multiplets and gauge neutral moduli multiplets. The D-branes give rise to a non-Abelian gauge theory with charged matter multiplets. Additional Wilson line moduli can appear when the wrapped part of the D-brane world-volume contains non-trivial one-cycles.
The amount of supersymmetry, the mechanism of its spontaneous breaking and the communication of the breaking to the Standard Model are important phenomenological ingredients. Currently the most promising set-up chooses an N = 1 bulk theory with the D-branes respecting the same supersymmetry.
2 This N = 1 is then spontaneously broken by including background fluxes in the orientifold bulk [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] . The supersymmetry breaking is communicated to the Standard Model sector by the couplings of the matter fields on the branes to the bulk moduli and a set of soft supersymmetry breaking terms is generated [23, 24, 25, 26, 27, 28, 29] .
In addition the fluxes also stabilize some but generically not all of the moduli fields [10, 14, 15, 16, 17, 18, 19, 30, 31, 32, 33, 34] . This potential instability can be cured by considering hidden D-branes which are geometrically separated from the Standard Model branes and thus all interactions are α ′ -suppressed. For example, gaugino condensation on hidden D7-branes and/or Euclidean D3-brane instantons have been suggested as additional non-perturbative contributions to the potential [35, 36, 37] .
Recently branes have also received some attention in inflationary models of string cosmology [3] . It has been suggested in ref. [35] that metastable deSitter vacua in type IIB Calabi-Yau compactifications can be manufactured by adding anti-D3-branes. Another possibility, pointed out in ref. [38] , replaces the anti-D3-branes by D7-branes with internal background fluxes on the world-volume of the D7-brane. These fluxes are supposed to generate the positive energy necessary for deSitter vacua.
In order to reliably determine the soft supersymmetry breaking terms and the vacuum energy it is necessary to compute the N = 1 low energy effective action of D-branes and in particular their couplings to the bulk excitations. The purpose of this paper is to perform such a computation for D7-branes in type IIB compactifications on generic Calabi-Yau orientifolds. For simplicity we will concentrate on a single D7-brane or in other words on an Abelian U(1) gauge theory leaving the non-Abelian generalization to a future publication. In our analysis we do not specify a specific orientifold and derive the Kähler potential, the gauge kinetic function and the scalar potential in terms of geometrical data of the orientifold and its wrapped four-cycle by using a Kaluza-Klein reduction of the Dirac-Born-Infeld and Chern-Simons action. For space-time filling D3-branes a similar analysis has been performed in refs. [25, 26] . We work at leading order in α ′ and do not include perturbative string corrections, which, however, are important for phenomenological applications [20, 39] .
In this paper we confine our attention to the derivation of the effective action without turning on three-form fluxes in the bulk and as a consequence we find no corresponding superpotential in the effective theory. We do, however, consider turning on two-form background flux on the wrapped D7-brane which contributes to the D-term potential. The situation where three-form fluxes are included has recently been studied in refs. [28, 29] . In these papers, however, a Kähler potential of a specific model is used. In refs. [40, 28] properties of the Kähler potential are computed using string scattering amplitudes but not a Kaluza-Klein reduction as we do here. Thus our paper can be viewed as closely related but complementary to refs. [28, 29, 40] .
Specifically the organization of this paper is as follows. To set the stage for our analysis we review in section 2 the massless N = 1 spectrum and its four dimensional low energy effective supergravity action resulting from IIB string theory with O3/O7 orientifold planes [20, 41] . However, we slightly reformulated the effective theory in that we use the democratic IIB supergravity action of ref. [42] . This form of the action will prove to be more convenient when D7-branes are coupled to the bulk theory.
In section 3 we analyze the D7-brane theory. Section 3.1 reviews the massless spectrum of the D7-brane while section 3.2 discusses the D7-brane world-volume fluxes which are turned on. Section 3.3 determines the geometrical condition (the calibration condition) on the four-cycle in order to have N = 1 supersymmetry. In section 3.4 we perform the Kaluza-Klein reduction of the Dirac-Born-Infeld and Chern-Simons action in the Calabi-Yau orientifold bulk in the approximation where the complex structure deformations of the orientifold and the matter fields are considered to be small.
In section 4 we determine the standard form of the N = 1 effective low energy action. To do so we first need to impose the tadpole cancellation condition (section 4.1) and then eliminate the auxiliary degrees of freedom in the democratic version of the action used so far (section 4.2). Section 4.3 then determines the Kähler coordinates, the Kähler potential, the gauge kinetic term and the D-term potential. We find that the dilaton has to be redefined and as a consequence couples non-trivially to the matter fields. Furthermore, both the matter fields and the Wilson line moduli couple to the Kähler moduli of the orientifold bulk. Analogously to orientifold compactifications with D3-branes [20, 26, 41] the Kähler potential is implicitly defined. We discuss specific models where an explicit form of the Kähler potential can be obtained. The gauge coupling of the D7-branes is not the dilaton but the geometrical modulus which controls the size of the wrapped four-cycle. Finally a D-term arises (even in the absence of any fluxes) due to the presence of a Green-Schwarz term or equivalently due to a gauged translational isometry.
In section 5 we discuss the geometry of the Kähler potential and in particular consider the common moduli space of the D7-brane fluctuations and the complex structure deformations of the bulk orientifold theory. The resulting geometrical structures can be related to the N = 1 special geometry of refs. [43] where aspects of the combined moduli space of D5-brane moduli and bulk complex structure moduli on non-compact CalabiYau manifolds have been uncovered. For D7-brane orientifolds a similar analysis allows us to further generalize the Kähler potential to include the interplay of D7-brane matter fields and the bulk complex structure deformations. In section 5.1 and section 5.2 we introduce the mathematical framework to address the geometry of the underlying moduli space, which we use in section 5.3 to deduce the Kähler potential of the moduli space for these fields. Finally the results are implemented into the supergravity Kähler potential of section 4.3.
Section 6 contains our conclusions and some of the technical details are relegated to three appendices. In appendix A we review the normal coordinate expansion of tensor fields which is needed in the reduction of the Dirac-Born-Infeld and Chern-Simons action. In appendix B we present some details of the computation of the effective four dimensional D7-brane action while appendix C supplements the analysis of the gauge kinetic coupling functions.
Type IIB compactified on Calabi-Yau orientifolds
This analysis begins with a review of compactifying type IIB string theory on a CalabiYau orientifold Y in the presence of O3/O7 orientifold planes as has been considered in refs. [44, 45, 17, 20, 21, 41] . Usually in order to get a low energy effective description of theories originating from type IIB string theory, a natural starting point is the chiral ten dimensional N = 2 type IIB supergravity [46, 47] . In our case, however, it is more convenient to start with the democratic type IIB supergravity action [42] , because it facilitates the derivation of the whole action containing both the bulk and brane fields.
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This type IIB supergravity action is comprised of all RR form fields of type IIB string theory at the cost of introducing additional self-duality constraints.
Type IIB orientifold spectrum with O3/O7 planes
The massless bosonic spectrum of type IIB string theory in ten dimensions consists of fields from the NS-NS sector and the RR sector. The former sector gives rise to the ten dimensional metric g 10 , the anti-symmetric two tensor B and the dilaton φ. The RR sector contributes all even dimensional anti-symmetric tensors, i.e. the form fields 6) , and C (8) . The field strengths of these form fields, as they appear in the low energy effective action, are given by [42] 
Note, however, that the number of physical degrees of freedom is reduced by imposing the duality conditions
As the ten dimensional space-time background we take the product ansatz R 3,1 ×Y /O where the internal Calabi-Yau orientifold Y /O is a compact Calabi-Yau manifold Y moded out by the orientifold projection O. 4 The corresponding metric takes the form
whereη µν is the flat metric of the four dimensional Minkowski space andĝ i (y) is the metric of the internal Calabi-Yau manifold Y . The orientifold projection O acting on type IIB string states is given by [44, 45] 
where F L is the fermion number for the left-movers and Ω p is the world-sheet parity operator. Finally σ is an isometric involution on the Calabi-Yau manifold Y acting via pullback on the type IIB fields. In order to obtain a Calabi-Yau orientifold model with O3/O7 planes the involution σ must be holomorphic with the additional property [44, 45] 5) where Ω denotes the unique (3, 0)-form of the Calabi-Yau manifold Y .
The massless Kaluza-Klein spectrum of type IIB string theory compactified on a six dimensional Calabi-Yau orientifold Y can essentially be obtained in two steps: First of all, before taking the orientifold projection, the ten dimensional fields are expanded in harmonics of the Calabi-Yau threefold Y and one obtains the massless N = 2 KaluzaKlein spectrum in four dimensions. The information about this spectrum is encoded in the Hodge diamond of the Calabi-Yau threefold Y . The next step is to truncate the N = 2 spectrum further to N = 1 by just keeping the states invariant under the orientifold projection O [44, 45, 41, 50] . The resulting spectrum is the massless N = 1 Kaluza-Klein spectrum in four dimensions for type IIB string theory compactified on the Calabi-Yau orientifold Y . 4 For ease of notation we denote in the following both the Calabi-Yau orientifold and the Calabi-Yau manifold by Y .
5 For Calabi-Yau compactifications with localized sources such as orientifold planes and/or D-branes one really has to make a warped ansatz for the metric so as to capture the back-reaction of these localized sources to geometry [17, 21, 49] . This, however, is beyond the scope of this paper. We perform our analysis in a regime, where the internal space is large enough that this back-reaction can be treated as a negligible perturbation to our product ansatz (2.3). space basis dimension space basis dimension (Y ) are summarized in Table 2 .1 and it obeys 6) with all other pairings vanishing.
Now we have introduced all the technical tools to expand the type IIB fields in harmonics invariant under the orientifold projection O. The dilaton φ, the metric g (and therefore the Kähler form J) and the RR zero-form C (0) , four-form C (4) and eight-form C (8) are even under the world-sheet parity operator Ω p . The remaining fields, i.e. B, C (2) and C (6) , have odd parity. Thus for the NS-NS fields we arrive at the expansion
and for the RR fields
(2.8)
In the effective four dimensional theory v α , b a , φ, ρ α , c a and l are scalar fields, Vα and Uα are vector fields, andl (2) ,c
a and D α (2) are two-form tensor fields.
multiplet multiplicity bos. fields multiplet multiplicity bos. fields Table 2 .2: N = 1 multiplets
In addition to the above fields we have complex scalars, which arise from the complex structure deformations of the internal space. For the case of O3/O7 orientifold compactifications the complex structure deformations are in one-to-one correspondence with the elements of H (2,1) ∂,− (Y ) [45, 52] , and we denote the corresponding four dimensional scalar fields by zã.
The resulting four dimensional N = 1 supergravity spectrum of the O3/O7 orientifold model is summarized in Table 2 .2. Note that in this table only the physical degrees of freedom are listed, i.e. the duality conditions (2.2) are taken into account. In four dimensions this duality relates a massless scalar to a massless two-form or a gauge boson to its magnetic dual. In terms of the fields given in eqs. (2.8) the duality (2.2) corresponds to the dual pairsl (2) ∼l, c
Democratic low energy effective bulk action
As the Chern-Simons action of the D7-brane, which we discuss in detail in section 3.4, couples to all RR forms, we start from the democratic action of type IIB supergravity [42] . This action contains both the usual RR forms of IIB supergravity and also their dual RR forms. Therefore the equations of motion resulting from this action have to be supplemented by the duality constraints (2.2). 6 The bosonic part of this action in the string frame reads [42] 
where κ 10 is the ten dimensional gravitational coupling constant. The field strengths G (p) are defined in (2.1) and H is the field strength H = dB.
After having inserted the expansions (2.7) and (2.8) into the ten dimensional action (2.9), we integrate out the internal Calabi-Yau space Y and perform a Weyl rescaling of the metric (2.3)η
Then the effective four dimensional action Weyl-rescaled to the Einstein frame is found to be
κ 4 is now the four dimensional gravitational coupling constant and 12) are the non-vanishing triple intersection numbers of the Calabi-Yau manifold Y . Note that these intersection numbers are topological invariants of the Calabi-Yau manifold Y which are symmetric in their indices. The intersection numbers K αβc vanish because the volume form dvol(Y ) of the Calabi-Yau is even whereas ω α ∧ ω β ∧ ω c is odd with respect to the pullback σ * [41, 50] . Additionally we define contractions of these intersection numbers with the fields v α and obtain with (2.7) all non-vanishing combinations
where K is proportional to the volume of the internal Calabi-Yau manifold Y , i.e. 6 vol(Y ) = K.
In the action (2.11) there appear also various metrics. On the space of harmonic two-forms one defines the metrics [51, 52] 14) which is just the usual metric for the space of Kähler deformations split into odd and even part with respect to the involution σ. The inverse metrics of (2.14) are denoted by G αβ and G ab . Similarly, for the complex structure deformations zã one defines the special Kähler metric [52] 15) which is the metric on the complex structure moduli space of the Calabi-Yau manifold Y restricted to the complex structure deformations compatible with the holomorphic involution σ [45] .
Finally we introduce the coefficient matrices of the kinetic terms of the vector fields Vα and Uα. They are given by [53] 16) or equivalently for the three-forms * 6 αα and * 6 βα we find modulo exact forms the expansion * 6 αα = Aβ α αβ + Bαβββ ,
It is straight forward to verify that the matrices (2.16) fulfill
In the four dimensional democratic action (2.11) we could now impose the (dimensional reduced) self-duality condition (2.2) by adding Lagrangian multiplier terms and integrate out the redundant degrees of freedom [54, 55, 48 ] to obtain the effective orientifold action of refs. [41] . However, as there arise additional couplings of the brane fields to the RR forms, we postpone this dualization procedure until we have the combined action of both bulk and brane fields.
D7-brane: Spectrum and effective action
In this section we add to the bulk theory of the previous section a space-time filling D7-brane while preserving N = 1 supersymmetry at the same time. First we introduce the new degrees of freedom arising from this extended object in section 3.1. The possibility of turning on flux on the D-brane world-volume is discussed in 3.2. In order to preserve the N = 1 supersymmetry of the bulk theory in the presence of D7-branes a geometrical consistency condition is imposed. This calibration condition is studied in section 3.3. After this interlude on supersymmetry the Dirac-Born-Infeld action and the Chern-Simons action of the D7-brane are reduced to their effective four dimensional Lagrangians in 3.4. The effective action of the D7-brane couples to all fields of the RR forms, namely to both the four dimensional scalars and their dual two-forms.
D7-brane spectrum
Before we enter the discussion of the spectrum of the D7-brane, let us clarify the geometric picture of the setup which we have in mind. We concentrate on a single space-time filling D7-brane with gauge group U(1). The internal part of its world-volume is wrapped on a four cycle S (1) of the Calabi-Yau manifold Y . Since we are working with an orientifold theory we must in addition to the brane wrapped on S (1) also include its image under the orientifold involution σ, i.e. we have an image D7-brane on the Calabi-Yau manifold Y wrapped on the four cycle S (2) = σ(S (1) ). Note that this is the geometry in the covering space of the orientifold theory. In the orientifold space Y /O the D7-brane and its image D7-brane coincide and represent a single object. Hence it is convenient to introduce the four cycle S Λ which is the union of the cycles S (1) and S (2) in the Calabi-Yau manifold Y .
The Poincaré dual two-form ω Λ of S Λ is an element of H 2 + (Y ). By referring to the D7-brane we mean in the following the object which wraps the internal cycle S Λ and thus describes both the D7-brane and its image in the covering space of the Calabi-Yau orientifold. For later convenience we further define S P as the union of the cycle S (1) and its orientation reversed image −S (2) . This cycle obeys
and has a Poincaré dual two-form ω P in H 2 − (Y ). In Table 3 .1 all these different D7-brane four cycles are listed with their associated Poincaré dual two-forms.
In the above analysis we have implicitly assumed that the D7-brane does not coincide with any orientifold O7-plane, because this would imply that S (1) and S (2) represent the same cycle and that the gauge group of the world-volume theory is SO(N) or USp(N) [56] . Additionally we require that the involution σ does not have any fixed points in S (1) since this would give rise to extra massless states in the twisted open string sector [57] .
The spectrum of the D7-brane is comprised of two parts. The first part corresponds to fluctuations of the embedding of the internal four cycle S Λ in the Calabi-Yau orientifold Y , and the second part describes Wilson lines of the U(1) gauge field on the four cycle S Λ . Both types of degrees of freedom give rise to bosonic components of chiral multiplets in the effective four dimensional low energy theory. The former complex bosons description cycle relation Poincaré dual D7-brane (covering space) The analysis of the spectrum of the D7-brane is carried out in two steps. First we describe the massless spectrum of the D7-brane on S Λ and neglect the orientifold action O. Then this spectrum is truncated by keeping only states invariant under O.
Mathematically, the massless open string degrees of freedom are given in terms of sections of appropriate sheaf cohomology groups [58, 59, 43] . For the cycle ι : S Λ ֒→ Y , where the map ι embeds S Λ in Y , we have the exact sequence 
In order to generalize to the orientifold case, as a second step we must take into account the truncation of the spectrum due to the orientifold projection O = Ω p σ. The action of Ω p σ on a general open string state |Ψ, ij with Chan-Paton indices i and j is given by [5, 60] 
where the indices i and j label the set of branes, and thus we have in our case i, j = 1, 2 for the brane S (1) and its image brane S (2) . Note that the parity operator Ω p has exchanged the indices l ↔ k. The matrix γ Ωpσ with the adjoint action on the Chan-Paton indices 7 In general, D-branes are described by sheaves that are supported on the world-volume of the brane. Then the spectrum of marginal open string modes of strings stretching from a D-brane specified by the sheaf E to a D-brane specified by the sheaf F is given by the Ext-group Ext 1 (E, F ) [59] . However, if (3.3) splits holomorphically, which we will always assume in the following, the Ext-group reduces to the sheaf cohomology description, and in the case of open strings with both ends on a single brane, we have the above spectrum (3.4).
is unitary, and since (Ω p σ) 2 = 1 one deduces that γ Ωpσ = ±γ T Ωpσ [5] . In our basis of the Chan-Paton indices the state |Ψ, 11 labels an open string state with both endpoints on the brane S (1) and |Ψ, 22 labels an open string state with both endpoints on the image brane S (2) . As the orientifold action O maps an open string state on S (1) to an open string state on S (2) it implies that the unitary matrix γ Ωpσ must have the form
and therefore
The action of the world-sheet parity operator Ω p acts with a minus sign on the massless vertex operators tangent and with a plus sign on the vertex operators normal to the world-volume of the brane [5] . As the complex fields ζ are sections in the normal bundle and the complex fields a are sections in the tangent bundle, the spectrum of the invariant massless open string states becomes in the cohomology description More generally for a stack of N D7-branes wrapped on S Λ the gauge theory on the world-volume of these branes is enhanced to U(N) [61] . As a consequence the massless fields ζ and a transform in the adjoint representation of U(N), i.e. ζ is a U(N) Lie algebra valued section of the normal bundle and a is a U(N) Lie algebra valued one-form [62] . In the following we consider just a single D7-brane wrapped on S Λ with the spectrum spectrum given by (3.8) .
For the derivation of the effective action let us introduce a basis {s A } for H 0 + (S Λ , NS Λ ) and the complex conjugate basis {sB}. In terms of these basis elements we can expand any fluctuation ζ(x, y) of the world-volume of the D7-brane into
As discussed in ref. [43] , we can map sections
via the Poincaré residue map. In practice this map is simply given by contracting ζ with the unique holomorphic three form Ω of the Calabi-Yau manifold Y [43] Ω :
The Poincaré residue map also allows us to rewrite the basis elements {s A } and {sĀ} into basis elements {s A } and {sB} of H Table 3 .2: Massless D7-brane spectrum
and {ĀJ } as a basis of
, and we obtain for the U(1) gauge boson A(x, y) localized on the world-volume of the brane the expansion in harmonics of S
where P − is a harmonic zero form of S Λ given by
.
(3.12)
Note that σ * P − = −P − , and hence P − is an element of
In Table 3 .2 the massless open string spectrum resulting from the D7-brane is summarized. The table shows the cohomology groups, which describe the spectrum in geometric terms, and lists the basis elements thereof. Note that for the matter fields ζ there are alternative descriptions related by (3.10).
Dirac-Born-Infeld action and brane fluxes
In a low energy effective description the kinetic terms of the brane degrees of freedom of a single D-brane and their couplings to the bulk NS-NS fields are captured by the Abelian Dirac-Born-Infeld action, which reads for a Dp-brane in the string frame
where α ′ is the string coupling constant. The action couples to the ten dimensional bulk metric g 10 and to the NS-NS two-form field B via the pullback of the map ϕ. This map describes the embedding of the p + 1 dimensional world-volume W in the ten dimensional space-time manifold. The dynamics of the Dp-brane, namely the dynamics of the degrees of freedom which describe the fluctuations of the world-volume W in the space-time manifold, is encoded in the pullback ϕ * . F is the field strength of the U(1) gauge boson A localized on the world-volume W of the Dp-brane. Finally the coupling constant µ p is the tension of the Dp-brane, which is the absolute value of its RR charge for BPS branes.
A Dp-brane is not completely characterized by its embedding of the world-volume W into the space-time manifold, because branes may carry lower dimensional RR brane charges [63] . As these charges are not localized but rather distributed over the worldvolume of the brane, they appear in the form of background fluxes f of the U(1) gauge theory of the brane. Thus in the presence of these fluxes, the field strength F of (3.13) has the form
where A is the U(1) gauge boson and f is a harmonic two-form of the world-volume of the Dp-brane.
In order to describe the low energy physics of the space-time filling D7-brane, we take the action (3.13), where now the integral extends over the eight dimensional world-
On the D7-brane we also include background brane fluxes f which preserve Poincaré invariance of the four dimensional space-time R 3,1 . This restricts possible background fluxes only to be non-trivial in the internal four cycle S Λ . Due to the negative parity of the U(1) gauge boson (3.11) of the brane in orientifolds the corresponding background flux f must be an element of H 2 − (S Λ ). For simplicity we limit ourselves in the following to fluxes f , which can be solely expanded into negative parity harmonic two-forms inherited from the ambient Calabi-Yau manifold Y ,
Recall that ω a is a basis of 
For later convenience we define the quantity B, which is the combination of the bulk NS-NS B-field and the background flux f and which is given by
For fluxes of the form (3.15) B enjoys the expansion
where f a are the brane flux quanta and b a are the four dimensional scalar fields (2.7).
Supersymmetry and calibration condition
Before entering the discussion of calibration conditions for BPS D7-branes, we first recall some general aspects of supersymmetry in orientifold models with branes. A compactification of type IIB string theory on a Calabi-Yau manifold leaves eight supercharges unbroken corresponding to N = 2 in four dimensions. In this case one finds two linear independent supersymmetry parameters ξ and η for which δ ξ (fermions) = 0 and δ η (fermions) = 0. If a (Super-)Dp-brane is included into the theory, the new fermionic degrees of freedom Ψ of the brane also vary with the supersymmetry transformations but in general obey neither δ ξ Ψ = 0 nor δ η Ψ = 0. However, the (Super-)Dp-brane has an extra fermionic local symmetry called κ-symmetry [64] , and supersymmetry is unbroken if it is possible to compensate the supersymmetry variation by a κ-symmetry transformation [65] 
where ǫ is some linear combination of ξ and η. If this condition can be fulfilled for some parameter ǫ the brane breaks only half of the supercharges and saturates a BPS bound. The conditions for BPS D-branes in Calabi-Yau manifolds translate into calibration conditions in geometry [65, 66, 67] . Thus if we add BPS D-branes to a Calabi-Yau compactification four of eight supercharges remain unbroken.
A Calabi-Yau orientifold compactification can be seen as gauging a discrete Z 2 symmetry of a Calabi-Yau manifold compactification [44] . In our case this symmetry is given by (2.4) and arises from a holomorphic involution σ of the Calabi-Yau manifold. This Z 2 symmetry also acts on the supercharges [45] , and hence only one particular linear combination of ξ and η generate a supersymmetry transformation compatible with this discrete symmetry. Thus Calabi-Yau orientifolds are four dimensional N = 1 theories. Furthermore these orientifolds with additional branes preserves also N = 1 supersymmetry, if the condition (3.18) is fulfilled for the same supersymmetry parameter ǫ which also corresponds to the linear combination invariant under the orientifold Z 2 symmetry.
In order to determine whether the space-time filling D7-brane in a Calabi-Yau compactification is a BPS state, the condition (3.18) must be evaluated and as shown in ref. [66] implies that the internal four cycle S Λ of the D7-brane world-volume must satisfy the calibration equation
Here the real constant θ parametrizes the unbroken supersymmetry variation as a linear combination of ξ and η of the previous paragraph. B a is defined in (3.17), J is the Kähler form of the Calabi-Yau threefold Y pulled back to S Λ , andĝ is the metric on S Λ induced from the Calabi-Yau manifold.
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Note that the left hand side of (3.19) is real, and hence for vanishing B we find θ = 0, and therefore we recover the calibration condition 20) which has already been derived in refs. [65] . 10 However, in the case of non-trivial B, reality of the calibration condition tells us that the imaginary part of the right hand side of (3.19) should vanish, namely
9 For ease of notation we use the letter J for both the Kähler form J of the Calabi-Yau manifold Y and for the Kähler form ι * J of S Λ . Similarly the metricĝ stands forĝ as well as ι * ĝ . 10 Recently in ref. [67] the calibration condition has also been rederived for the case of compactifications with non-trivial background fluxes for the bulk fields.
The latter condition has to be fulfilled for all points in S Λ , i.e. it has to hold on the brane and its mirror brane. Since θ is a constant on S Λ we obtain from (3.21) the condition
by applying the holomorphic involution σ. Therefore we arrive at the two supersymmetry constraints
From the first condition we deduce that θ must still vanish in the supersymmetric case.
11
Since θ parameterizes the linear combination of supersymmetry parameters preserved by the D7-brane one indeed expects that supersymmetry fixes θ in orientifolds.
The second condition of (3.23) implies B ∧ J = 0, which integrated over S P and using (2.13) reads
This is directly related to the ω-stability condition J ∧ B = const. J ∧ J of refs. [68, 69] which is imposed by supersymmetry. In orientifolds B is odd and J is even which implies B ∧ J = 0 as the ω-stability condition. Moreover it is argued in ref. [68] , that ω-stability gives rise to a D-term constraint in the low energy effective action, i.e. if supersymmetry is broken ω-stability is not fulfilled and the non-vanishing D-term breaks supersymmetry spontaneously. Conversely, a ω-stable configuration corresponds to a vanishing D-term in field theory. Thus in the low energy effective theory which we derive in the next section, we expect a D-term potential V D proportional to (3.24)
In section 4.3 we will see that such a D-term is indeed required by supersymmetry and moreover we will determine the (field dependent) proportionality constant of (3.25).
Now we are prepared to perform the Kaluza-Klein reduction of the D-brane action. For its derivation we use the calibration condition rescaled with (2.10) to Einstein frame
As we have just argued this calibration only holds for BPS D7-branes which satisfy B ∧ J = 0. However, in order to also derive the D-term we allow for the possibility of small perturbations in B which do not obey B ∧ J = 0. The deviation from (3.26) is then taken into account by adding (3.25) to the scalar potential of the effective action.
Reduction of the D7-brane action
The first task in this section is the reduction of the bosonic part of the Abelian DiracBorn-Infeld action (3.29) for the space-time filling D7-brane with world-volume W =
To obtain the effective four dimensional fields describing the fluctuations of the internal cycle S Λ in the compactified six dimensions, we perform a normal coordinate expansion of the pullback metric ϕ * g 10 and the pullback two-form ϕ * B as described in ref. [26] . For convenience we recall the relevant formulae of this procedure in appendix A. Applying (A.4) and (A.5) to the metric given in (2.3) and the two-from B we obtain after Weyl rescaling the metric according to (2.10) 27) where the normal vector fields ζ andζ are part of the D7-brane spectrum given by (3.8) and its conjugate. Now we insert (3.27) into (3.13) and expand the determinant with the help of the Taylor series
28) evaluated for t = 1. This yields the effective four dimensional action of the Dirac-BornInfeld Lagrangian for the massless Kaluza-Klein modes (3.9), (3.11) and (2.7). The next task is to insert the BPS calibration condition (3.26) and up to second order in derivatives we obtain in the Einstein frame
where 30) and
The details of the derivation of (3.29) are presented in appendix B. The first term in (3.29) is the kinetic term of the field strength F of the U(1) gauge boson arising from the gauge theory of the space-time filling part of the world-volume W of the D7-brane. The next two terms are the kinetic terms for the Wilson line moduli of the D7-brane and the matter fields (see (3.8) ). Finally the last term is a potential term. Note that it is proportional to the inverse square of the gauge coupling and thus can be identified as a D-term potential. We further discuss this term in section 4.1.
The next step is to analyze the couplings of the brane fields to the remaining fields of the bulk. As Dp-branes are extended objects carrying RR charges [1] , they must couple to the bulk RR fields. These couplings are captured in the Chern-Simons action of the Dp-brane which is given in the Abelian case by
The exponential in the integrand of (3.32) is meant as a formal power series in the twoform ℓF − ϕ * B wedged with the RR forms of the bulk theory, which are pulled back to the world-volume of the brane. As in the case of the Dirac-Born-Infeld action (3.13) the integral is taken over the p + 1 dimensional world-volume W of the brane, and therefore the only non-vanishing contributions of the integral arise from p + 1-forms in the power series of the integrand.
As before the Chern-Simons action of the space-time filling D7-brane is integrated over the world-volume W = R (3,1) × S Λ . In order to arrive at the effective action of (3.32) in four dimensions the first task is to perform a normal coordinate expansion of the pullback tensors according (A.5). Next we insert the massless Kaluza-Klein modes of (2.7), (2.8), (3.11) and (3.9), and finally we obtain up to second order in derivatives the effective four dimensional Chern-Simons action
where
Furthermore in the derivation of (3.33) we have used (3.30), (3.31), (B.5) and the fact that for any four-form θ of S 35) holds. This can be easily seen by using (3.12) and the explicit definition of the cycles S Λ and S P given in Table 3 .1.
In order to proceed we need to have additional information about the pullbacked three-forms ι * αα and ι * βα. If their pullback to S Λ is trivial all integrals (3.34) vanish, and in the action (3.33) the mixed terms of the field strength F with field strengths of the bulk vectors Vα and Uα disappear. In this case the complex structure deformations of the Calabi-Yau orientifold are unobstructed and all deformations remain moduli of the effective theory. 12 The case where the pullbacks are non-trivial and the integrals (3.34) do not vanish is more involved and further elaborated on in appendix C. However, in this case we are not able to consistently include the complex structure deformations into the effective action and leave a thorough analysis to a future publication. In this section we therefore continue with the simplified assumption that all integrals in (3.34) vanish or in other words with the effective Chern-Simons action
The action contains the topological Yang-Mills term F ∧ F , with a field dependent Θ-angle, which due to supersymmetry must eventually be given as the imaginary part of the holomorphic gauge coupling function. All the other terms in (3.36) involve the space-time two-formsl (2) ,c (2) or D (2) , resulting from the expansion of the ten dimensional RR fields (2.8). The third term in (3.36) is known as a Green-Schwarz term in that, after integrating by parts, the U(1) field strength F couples linearly to the space-time twoformsc (2) and D (2) . In the next section we eliminate the two-forms in favor of their dual scalars by imposing (2.2). As we will see the Green-Schwarz terms give rise to charged dual scalars which transform non-linearly under the gauge transformation.
Bulk and D7-brane: Effective theory
After having discussed both the effective action of the bulk theory in section 2 and the effective action of the D7-brane in section 3, we now consider the combined action. In order for this theory to be stable and consistent, tadpoles resulting from the orientifold planes and the D7-branes must cancel among another, and then the whole action yields a N = 1 effective supergravity action in four space-time dimensions. For this supergravity theory we determine all its defining data that is to say the Kähler potential, the scalar potential and the gauge kinetic coupling functions.
Branes and orientifolds: Tadpole cancellation
In type IIB orientifold string theories there are potentially two kinds of tadpoles, namely RR tadpoles and NS-NS tadpoles. While the appearance of the former tadpoles render the theory inconsistent, the divergencies of NS-NS tadpoles give rise to potentials for NS-NS fields [70, 71] and can be absorbed in the background fields via the Fischler-Susskind mechanism [72] . Sources for both type of tadpoles are branes, orientifold planes and background fluxes because all these objects contribute RR charges and couple to the NS-NS graviton and NS-NS dilaton due to their energy density.
The contribution of D7-branes (with internal fluxes) to the RR tadpoles can easily be read off from the Chern-Simons action of the branes. Similarly from the analog of the Chern-Simons action for orientifold planes [73] , we obtain their share of RR tadpoles also as topological expressions. For D7-branes wrapped on S (7) i with internal two-form fluxes f (7) i , O7-planes wrapped on O 
Here
are the RR charges of the D-branes and the orientifold planes. Note that there are no six-form tadpoles because, due to the negative parity of (3.11), the integrals
vanish [71] . 14 In the presence of bulk background fluxes (which we do not turn on in this paper) there appear additional terms in (4.1) from the Chern-Simons terms of the bulk action. As we are not considering a specific orientifold compactification we cannot explicitly check the conditions (4.1). Instead we assume that we have appropriately chosen a Calabi-Yau manifold Y with involution σ and D7-brane cycle S Λ so as to meet the RR tadpole conditions (4.1).
In ref. [71] it is argued that all NS-NS tadpoles arise as derivatives of a D-term scalar potential with respect to the corresponding NS-NS fields. In the supersymmetric case the NS-NS tadpoles vanish as they are related to the RR tadpole conditions via supersymmetry. This corresponds to the vanishing of the D-term [74, 28] and thus the potential terms in the Dirac-Born-Infeld action (3.29) has to be canceled by the negative tension of the orientifold planes. If the NS-NS tadpoles do not vanish a D-term is induced leading generically to an unstable background. In our case this occurs for a non-vanishing B in eq. (3.25).
Bulk and brane effective action
Now we combine the bulk action (2.11) with the brane action (3.29) and (3.36). The resulting action is still formulated with all RR fields, and therefore its equations of motion must still be supplemented by the four dimensional version of the duality constraints (2.2).
In order to obtain an action in the conventional sense, namely an action without incorporating scalars and their dual two-forms simultaneously, we must eliminate these redundant two-form fields systematically. Let us pause to demonstrate how this procedure works for a simple example [75, 54, 55] . We start with the four dimensional action
13 The indices i, j , k and l account for several D7-branes, O7-planes, D3-branes and O3-planes respectively. S are points in the Calabi-Yau manifold. 14 Recall that in our conventions each cycle S with the coupling constant g, and where B (2) is a two-form field and S is a scalar field. Moreover we impose by hand the duality condition
Thus S is the dual scalar of the two-form B (2) and the action (4.2) with (4.3) possesses just one degree of freedom. If we introduce the field strengths H = dB (2) and A = dS, altogether we have the equations
where the first two equations are Bianchi identities, the next two equations are the equations of motion of (4.2), and the last equation is the duality condition (4.3). Now we modify the action (4.2) to 5) where in this action H is an independent three form field and λ is a Lagrangian multiplier. This Lagrangian also yields the equations (4.4), however, now only the first equation arises as a Bianchi identity. All the other equations, including the duality relation, is obtained from the equations of motion of (4.5). In this formulation we can eliminate the three form field H and arrive at the action for S
without any redundant dual fields. The next task is to generalize this procedure in the presents of source terms J, which we add to (4.2)
Note that in order to be in accord with the duality condition g * H = A, the field strength A must be adjusted to A = dS + J and the new equations of this system are
As before we obtain this set of equations from the Lagrangian
with the independent field H. Finally eliminating H yields
With the above techniques we now succinctly eliminate the space-time two-forms l (2) ,c , and also the magnetic vectors Uα, in the whole action functional S E Bulk + S E DBI + S CS , and as a result we obtain the combined bulk and D7-brane action in four dimensional Einstein frame
where we have included the scalar potential term V D of (3.25), and where the gauge kinetic matrix Mαβ are related to the integrals (2.16) by [53] 
Note that this action (also without all the terms resulting from the D7-brane) has a set of global shift symmetries
In the presence of a D7-brane wrapped on the cycle S Λ one of these symmetries is gauged, and therefore the action (4.11) contains covariant derivatives for the charged fields c P and ρ α , i.e.
14)
The gauging of the shift symmetry is a direct consequence of the Green-Schwarz term in eq. (3.36). In (4.11) the Green-Schwarz term has disappeared since we eliminated the two-formsc (2) P and D α (2) in favor of the dual scalars c P and ρ α . The presence of the Green-Schwarz term in the original democratic version of the action is responsible for the fact that in the scalar field basis of (4.11) the dual scalars are charged and transform non-linearly under the U(1) gauge theory of the D7-brane.
In the derivation of the action (4.11) we have treated the complex structure deformations zã and the D7-brane matter fields ζ A independently. As a consequence the target space metric of the fields zã and ζ A exhibits a product structure. However, as the complex structure of the D7-brane world-volume is induced from the ambient Calabi-Yau space both types of fields are interlinked [43] and this product structure is only maintained for small complex structure deformations zã and small D7-brane fluctuations ζ A . In this limit the action (4.11) describes the theory adequately. In section 5 we analyze the common target space of these two kinds of fields and adjust the target space metric accordingly.
Before we do that we first rewrite the action (4.11) in the standard N = 1 form and determine the Kähler potential and the gauge kinetic functions.
N = 1 effective action in chiral coordinates
Any N = 1 supergravity action with chiral multiplets M M and vector multiplets V Γ is completely specified in terms of the Kähler potential K, the superpotential W and the gauge kinetic coupling functions f Γ∆ [76, 77] . All this data can already be determined unambiguously from the bosonic part of the supergravity action
where In order to specify the Kähler potential in the standard form, we must first identify the correct Kähler variables, which are the lowest bosonic components in the N = 1 chiral multiplets. Then in terms of this variables the metric of the scalar fields in (4.11) becomes manifest Kähler. Geometrically this corresponds to finding the correct complex structure of the Kähler manifold, which is the target space of the scalar fields. We know already that the metric Gãb of the complex structure moduli fields zã defined in (2.15) is Kähler [52] , and thus the complex scalar fields zã are good Kähler coordinates. We find that this also holds for the D7-brane fields ζ A and a I . For the remaining fields it is not so obvious how they combine to Kähler variables. However, guided by refs. [78, 20, 26, 41] the other chiral fields turn out to be S, G a and T α defined by 19) where τ = l + ie −φ is the original complex type IIB dilaton field, the intersection numbers K αbc are defined in (2.13) while L AB , C IJ α are defined in (3.30) and (3.31) . Note that S, G a and T α are closely related to the Kähler variables of orientifold compactifications [20, 41] . However, the dilaton field τ , which is a Kähler variable in orientifold compactification even with D3-branes [26] , is not a Kähler variable anymore due to the coupling of the D7-brane to the two-form fieldl (2) which is dual to the axion l. This leads to a shift in the definition of the dilaton field with S playing the role of a shifted 'new' dilaton. In the Kähler potential and the definitions (4.17)-(4.19) we should therefore think of τ as a function τ (S, ζ) depending on both the new dilaton S and the brane fields ζ. Furthermore, the Kähler variables T α of ref. [20, 41] are modified by the D7-brane fields a and through τ also by ζ. A similar adjustment occurs in orientifold models with D3-branes [26] , where the D3-brane matter fields also enter the definition of T α . In fact the D3-brane matter fields couple very similarly as the Wilson-line moduli a. 15 Note that if internal D7-brane fluxes f a are turned on, the Kähler variables G a are adjusted by a shift proportional to the flux as dictated by eq. (3.17).
In terms of these Kähler coordinates the Kähler potential for the supergravity action (4.11) is found to be (4.20) where K CS of the complex structure moduli zã is defined in (2.15) and (4.20) reproduces all kinetic terms of (4.11). However, it is given as an implicit expression since K is explicitly known only in terms of the v α which are no Kähler coordinates. Instead they are determined in terms of S, G a , T α , ζ A and a I by solving (4.19) for v α (S, G a , T α , ζ A , a I ). Unfortunately, this solution cannot be given explicitly in general.
Before we continue let us discuss a few instructive limits of the Kähler potential (4.20 
(4.21) This can be further simplified by setting G a = 0 and a I = 0 leading to
The Kähler metric resulting from this Kähler potential is block diagonal in the modulus T Λ and the brane fluctuations ζ. This particular feature of the Kähler potential was already anticipated for D7-brane models in ref. [81] , although we stress that it does not hold in the general case (4.20).
As a second limit of (4.20) we consider the case h 
This form of the Kähler potential was first derived in ref. [79] . We can expand this Kähler potential up to second order in the D7-brane fields ζ and a, and obtain
This expansion can be compared with the result of ref. [28] , where the Kähler potential of a certain toroidal orientifold was derived to second order in the brane fields ζ and a. In this torus model the structure of the couplings of the brane fluctuations ζ to the bulk field S agrees with eq. (4.24). Moreover the structure of the couplings of the Wilsonline moduli a to the Kähler moduli T 1 and T 2 also complies with (4.24). However, the toroidal orientifold of ref. [28] also exhibits couplings of the complex structure moduli zã with the brane fields. These couplings can not be seen in the Kähler potential (4.23) because as explained at the end of section 4 the action (4.11) and thus also the Kähler potential (4.20) describe the theory only reliably in the limit of small complex structure deformations zã and small D7-brane fluctuations ζ A . Note also that in ref. [28] K depends on internal fluxes of the D7-brane. These fluxes, however, arise from two-forms of the D7-brane world-volume, which are not inherited from the ambient space, and therefore they are not captured by the fluxes considered in eq. (3.15).
From the action (4.11) we can also read off the gauge kinetic functions by comparing it with (4.15). For the vector fields V α arising from the bulk RR four-form (2.8) the gauge kinetic coupling matrix fαβ is given by 25) in terms of the N = 2 gauge kinetic matrix M defined in (4.12). Due to the fact that the subset zα of bulk complex structure deformations of Calabi-Yau manifolds are projected out by the orientifold involution σ, it is necessary to evaluate in the N = 1 orientifold context the matrix M at zα =zα = 0. The coupling matrix fαβ is completely independent of the brane fields and appears already in this form in Calabi-Yau orientifold compactifications without branes. As demonstrated in ref. [41] for orientifold compactifications with O3/O7 planes one has the identitȳ
where Fαβ is the second derivative of the N = 2 prepotential F . Thus one arrives for the gauge kinetic couplings of the bulk at [41] 27) which manifestly shows that fαβ is holomorphic in the orientifold complex structure deformations zã because of the holomorphicity of the prepotential F .
In addition to the gauge kinetic couplings of the bulk vectors, the couplings of the D7-brane gauge degrees of freedom must also be specified. If the D7-brane has no Wilson line moduli a, we readily extract from the action (4.11) using (4.19) the coupling function 28) which is clearly holomorphic in the chiral fields. As expected the gauge coupling of the D7-brane is not the dilaton but the modulus controlling the size of the wrapped four-cycle [80, 79] . If, however, the internal brane cycle S Λ has one forms, which give rise a, the reduction of the D7-brane action (3.13) does not reproduce the Wilson line term in the gauge kinetic coupling function (4.28) which appears in the definition of T Λ (4.19). This mismatch has already been observed in [81] . The reason for this seeming discrepancy is due to the fact, that the Dirac-Born-Infeld action is only an effective description comprising the open string tree level amplitudes [82] . Using a CFT approach, the open string one loop amplitudes for toroidal orientifolds with branes are computed in ref. [82] , and the analysis shows that the missing quadratic Wilson line terms in the gauge kinetic coupling function of the D7-brane vector fields do indeed appear at the open string one loop level. In our case, we also expect that the coupling function (4.28) is corrected in the presence of Wilson line moduli, and that the missing terms are also generated at the one loop level of open string amplitudes.
The next task is to describe the scalar potential of the action (4.11). In a generic N = 1 supergravity action the scalar potential consists of F-terms and D-terms. A Dterm scalar potential arises in the presence of charged chiral fields and takes the form given in (4.16), whereas the D-terms itself are computed from the equation [77] 
(4.29)
is the holomorphic Killing vector field of the corresponding gauged isometry of the target space Kähler manifold.
We have noted in (4.14) that some of the bosonic fields are charged under a PecceiQuinn symmetry. With the expressions (4.17) to (4.19) we can identify the only charged chiral field G P , for which the gauge covariant derivative is given by
The chiral fields T α remain neutral because the non-linear gauge transformations of ρ α and c P in the definition (4.19) of T α cancel among another. From (4.30) we can read off the Killing vector to be X = 4κ Using (4.20), (4.19) and repeatedly the chain rule one arrives at
Finally, with (4.28) inserted in (4.16) the scalar potential reads
Note, that we have not obtained (4.34) in the reduction of the D7-brane action. This is due to the fact, that we have used the calibration condition (3.19), which holds in the supersymmetric case. However, from general considerations we argued in section 3.3 that the deviation from the supersymmetry condition (3.24) should appear in the form of a D-term potential (3.25), which measures spontaneous supersymmetry breaking in the effective action. The above supergravity analysis shows that this is indeed the case, and furthermore it has determined the previously unknown coefficient of (3.25) . Of course the minimum of V D is obtained for B a = 0 which in our setup is always a possible solution.
This completes the description of the scalar potential of (4.11), which does not contain any F-terms, and hence the perturbative superpotential W vanishes. Now we have specified all the defining quantities for the N = 1 supergravity action (4.11), which are valid in the regime of small complex structure deformations zã and small brane fluctuations ζ.
In the next section we analyze the underlying geometric structure of the moduli space of these fields beyond this limit and find an adequate adjustment of the Kähler potential.
Before we conclude this section, let us briefly mention how to include D3-branes in these D7-brane orientifold models. In ref. [26] the Kähler potential of type IIB orientifold models with a stack of N D3-branes was derived. The inclusion of D3-branes adds chiral matter fields Φ to the other chiral fields of the theory. The chiral fields Φ parametrize the position of the stack of D3-branes in the internal Calabi-Yau space Y and transform in the adjoint representation of the gauge group U(N). We take the stack of D3-branes to be distant from the D7-brane in order to avoid additional fields in the low energy effective theory. Besides adding Φ to the theory the D3-branes change the definition (4.19) of the Kähler variables T α further to [26] 
where µ 3 is the D3-brane charge. Then the Kähler potential becomes
Note that through the definition of T α the quantity −2 log K becomes now also a function of the complex structure deformations zã. In ref. [26] it is also demonstrated that the gauge kinetic coupling function of the U(N) gauge boson resulting from the D3-branes is proportional to τ . In the presence of D7-branes the variable τ , however, is not a Kähler variable anymore, but instead it is a function of S, ζ andζ. Thus there is a slight puzzle how holomorphicity of the D3-brane coupling function is restored. One possibility is that similar to ref. [82] there arise additional terms at the open string one loop level, which contribute to this gauge kinetic coupling function to render it holomorphic in the chiral fields. In a similar way the holomorphicity of the superpotential W (τ, z) which arises in the presence of bulk background fluxes is obscured. It is suggestive to render this superpotential holomorphic by replacing the field τ by the new dilaton S.
Geometry of the N = 1 moduli space
In section 4 we have derived the N = 1 effective action for orientifold theories with D7-branes and we have discussed the corresponding Kähler potential. So far in this analysis the D7-brane matter fields ζ and the complex structure deformations z have been treated independently. The matter fields ζ are geometrically governed by (2, 0)-forms of the fourcycle S Λ . As the complex structure of the submanifold S Λ is induced from the complex structure of the ambient Calabi-Yau space Y , we expect that the moduli space of the matter fields ζ and the moduli space of the bulk complex structure deformations z is not of product type [43] . We should rather have in mind a common moduli space M N =1 , which is parametrized by both the complex structure deformations z and the matter fields ζ. In section 5.1 we summarize the concept of relative cohomology, which is used in section 5.2 to describe the moduli space M N =1 . Finally in section 5.3 we extend the Kähler potential of the previous section adequately to incorporate the moduli space M N =1 in the supergravity description of section 4.3.
Relative cohomology and relative homology
In order to describe the bulk complex structure deformations z and the D7-brane matter fields ζ in their common moduli space M N =1 one needs to find a mathematical formulation which captures both types of fields simultaneously. As these fields are respectively expanded into three-forms of the bulk and into two-forms of the internal D7-brane cycle S Λ the relative cohomology group H 3 (Y, S Λ ) proves to be the adequate framework [43] .
First of all we introduce relative forms Θ ∈ Ω n (Y, S Λ ). 16 These forms are n-forms of the Calabi-Yau manifold Y in the kernel of ι * . Recall that the map ι embeds S Λ into Y , i.e. ι : S Λ ֒→ Y . Hence the set of relative forms Ω n (Y, S Λ ) fits into the exact sequence
Then the cohomology of these relative forms with respect to the exterior differential d defines the relative cohomology groups H n (Y, S Λ ), namely
As the duality of the cohomology group H n (Y ) to the homology group H n (Y ), each relative cohomology group H n (Y, S Λ ) has a dual description in terms of a relative homology group H n (Y, S Λ ). The elements of H n (Y, S Λ ) are n-cycles Γ, which are not necessarily closed anymore, but may have boundaries ∂Γ in ι(S Λ ). Furthermore the pairing of a relative n-cycle with a relative n-form is given by the integral
Note that this bilinear product is independent of the choice of representative of the relative cohomology element Θ and the relative homology element Γ.
In the following we concentrate on the relative cohomology group H 3 (Y, S Λ ), which is relevant for the moduli space M N =1 . In order to get a better handle on this space of relative three-forms one constructs from the short exact sequence (5.1) the long exact sequence
From this sequence one extracts
Thus we can think of a representative Θ of H 3 (Y, S Λ ) as a pair of a three-form Θ Y of Y and a two-form θ S Λ of S Λ , where Θ Y is in the kernel of ι * and θ S Λ is in the cokernel of ι * .
Now the relative cohomology elements of H 3 (Y, S Λ ) can be used to address the complex structure deformations zã and the D7-brane fluctuations ζ A on an equal footing [43] . One identifies the two-forms H (2,0) ∂,− (S Λ ) of the cycle S Λ , which form a basis for the matter fields ζ (see Table 3 .2), with the two-form elements of (5.5). Note that these two-forms are automatically in the cokernel of ι (Y ), which form a basis for the complex structure deformations zã, are identified with the three-form elements of (5.5). However, in general there can be three-forms of H (2,1) ∂,− (Y ) which are not in the kernel of ι * . Then the corresponding complex structure deformations are obstructed. In the following we limit the complex structure deformations to those fields zã where the associated (2, 1)-forms are in the kernel of ι * . 17 For ease of notation we denote the set of unobstructed complex structure deformations also by zã. Note that the unique holomorphic (3, 0)-form of the Calabi-Yau manifold Y is always in the kernel of i * as there are no (3, 0)-forms on the four-cycle S Λ .
Recall that in the context of Calabi-Yau orientifolds with a holomorphic involution σ the complex structure deformations zã and the D7-brane matter fields ζ A are expanded into odd forms with respect to the involution σ. Therefore the appropriate relative cohomology space is H 3 − (Y, S Λ ) that is to say the elements are also odd relative forms with respect to the involution σ. In this case the relation (5.5) becomes
Variation of Hodge structure
The complex structure deformations of the bulk theory is mathematical captured in the language of variation of Hodge structure, which describes how the definition of (p, 3 − p)-forms in H 3 (Y ) varies over the complex structure moduli space M CS [52, 84, 85, 86] . In [43] , where now certain relative forms vary with both the complex structure deformations zã and the D7-brane matter fields ζ A . That is to say we consider (locally) the variation of relative forms over the moduli space M N =1 which has the complex coordinates (zã, ζ A ).
Part of the definition of the Hodge structure of H 3 (Y, S Λ ) is the Hodge filtration {F p } [84, 87, 43] , which is a decomposition of
where [84, 86, 87, 43] . For each holomorphic fiber bundle F p we choose a (local) basis of sections summarized in Table 5 .1. The fibers at zã = ζ A = 0 of these 18 In this section, we think of relative forms as a pair of a three-form on Y and a two-form on S Λ according to (5.6).
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. Note that at a generic point in the moduli space M N =1 the fibers of these sections are a mixture of various three-and two-forms due to the non-holomorphicity of the bundles H
As the space
is locally constant over the moduli space M N =1 . Thus this bundle has a canonically flat connection ∇ called Gauss-Manin connection and it fulfills Griffith's transversality [84, 86, 87, 88 ]
Note that the covariant derivatives ∇ zã and ∇ ζ A acting on sections of F p differ form the ordinary derivatives ∂ zã and ∂ ζ A only by sections in F p ⊗Ω 1 M N =1 [43] . As a consequence and with eq. (5.9) one reaches local sections of all F p by taking derivatives of the unique section Ω(zã, ζ A ) of F 3 . This procedure is schematically depicted in Figure 5 .1 and one obtains the extended Kodaira formulae [52] , i.e.
As discussed in section 5.1 the variation of relative forms captures only a subset of complex structure deformations. That is to say those complex structure deformations for which the corresponding (2, 1)-forms of an infinitesimal deformation must be trivial on S Λ . Now we are able to understand this condition from a different point of view: Let us assume that we perform a bulk complex structure deformations where the associated (2, 1)-form is not trivial in S Λ and hence this form is not an element of H 3 − (Y ). For a finite deformation in the direction of this (2, 1)-form we obtain a new unique (3, 0)-form of the deformed Calabi-Yau manifold Y , which according to the Kodaira formula (5.10) contains part of the (2, 1)-form in terms of the old complex structure. This, however, implies that the new (3, 0)-form does not pull back trivially to the cycle S Λ , and hence the four-cycle S Λ cannot be Kähler with respect to the Kähler-form of the bulk. Therefore the four-cycle S Λ is not calibrated with respect to the Kähler form of the bulk anymore and the theory becomes non-supersymmetric. Thus if one includes these obstructed bulk complex structure deformations in the four dimensional effective theory there should arise a potential for the associated complex structure moduli.
As alluded in Figure 5 .1 one generates sections of F p for all p by acting with the connection ∇ on the unique relative form Ω. Since H 3 (Y, S Λ ) is a finite dimensional space one obtains linear relations among Ω and its covariant derivatives [86, 89] 
where L(z, ζ, ∂ z , ∂ ζ ) are fourth order differential operators, and where ∼ means modulo exact relative forms.
Similar to the derivation of the GKZ equations for the bulk complex structure deformations, the system of differential equations of forms (5.11) can be transformed into a set of differential equations over relative periods [43] . These relative periods arise as integrals of the relative three-form Ω over a fixed homology basis of relative three-cycles. For this basis we choose {Aâ, Bâ, ΓÂ} which is dual to the relative forms associated to the three-forms αâ, βb and the two-forms γÂ where the latter forms are a basis of H 2 − (S Λ ). With this choice eq. (5.11) gives rise to the system of differential equations for the relative periods
12) where
The solution to the system of partial differential equations (5.12) takes the form 14) with holomorphic functions Xâ(z, ζ), Fâ(z, ζ) and GÂ(z, ζ). Note that eq. (5.14) reduces for ζ = 0 to the known bulk part where the solution is given by the prepotential F of N = 2 special geometry. In general we do not expect that the solution of the system of differential equations (5.12) can be expressed in terms of a single holomorphic function F . This reflects the fact that the structure of N = 1 is less restrictive than N = 2 supersymmetry.
Kähler potential of the N = 1 moduli space
In this section we recall the definitions of the metrics for the bulk complex structure deformations and the D7-brane fluctuations independently. That is to say in the limit of small fields zã and ζ A where the metric remains block diagonal. Then we apply the mathematical tools of the previous section in order to obtain a Kähler metric for the moduli space M N =1 which is not block diagonal anymore but holds for higher orders in zã and ζ A as well. This extension turns out to be also suitable to generalize the supergravity Kähler potential of section 4.3.
In refs. [52] it is demonstrated that the metric of the bulk complex structure deformations δz reads
Analogously we can ask for the metric of the fluctuations δζ which describe how the four-cycle S Λ is deformed in the normal direction of the ambient space Y . This metric is obtained by examining the variation of the volume element of S Λ with respect to δζ, namely one performs a normal coordinate expansion of the volume element according to (A.4) and with (3.9) arrives at
Furthermore with (B.4) one finds
Without any D7-brane the metric of the complex structure Gãb is Kähler with the Kähler potential (2.15) [52] . This expression must now be modified to take account for the generalized concept of the variation of Hodge structure of relative forms. In the limit of small complex structure deformations δzã and small D7-brane fluctuations δζ A the modified Kähler potential needs to reproduce the metrics (5.15) and (5.17). Moreover, in the limit where the D7-brane cycle S Λ disappears the extended Kähler potential must simplify to eq. (2.15). Guided by these observations the Kähler potential for the common moduli space of zã and ζ A becomes 18) where the integral over relative three-forms A and B is defined as
Here g is a coupling constant which is needed for dimensional reasons. P (3) and P (2) are projection operators that extract the three-form and the two-form part of the relative form according to eq. (5.6).
The next task is to check that in the limit of small bulk fields zã and small D7-brane matter fields ζ A the Kähler potential (5.18) is contained in the supergravity Kähler potential (4.20) . In order to perform the comparison eq. (5.18) is rewritten to 
also depends on the bulk complex structure deformations zã which enter in the process of solving for v α (S, G a , T α , zã, ζ A , a I ) because L AB has become a function of zã. The Kähler potential (5.22) still constitutes all the scalar kinetic terms of (4.11) but in addition it generates new terms, which are of higher order in the fields zã and ζ A , and which are not captured by the Kaluza-Klein reduction of section 3.
Conclusions
In this paper we computed the effective action of an orientifold theory with a D7-brane. Instead of specifying a particular orientifold we performed the analysis for a generic Calabi-Yau orientifold with O3/O7 planes and a D7-brane wrapped on a generic cycle thereof. The effective action was obtained by a Kaluza-Klein compactification of the bulk theory and by a reduction of the Abelian Dirac-Born-Infeld and Abelian Chern-Simons action of the D7-brane. For the resulting N = 1 supergravity action we determined the Kähler potential, the gauge kinetic coupling functions and investigated the structure of the D-term. In specifying this data we showed that the effective action is indeed in accord with N = 1 supergravity.
The calculated Kähler potential is similar to the Kähler potential of orientifold compactifications without branes [17, 20, 41] . In addition to the new Kähler variables resulting from the D7-brane matter fields and the Wilson-line moduli, the definitions of the Kähler variables of the pure bulk theory are also modified by the D7-brane fields. Or in other words the complex structure of the target space of the bulk scalar fields is altered in the presence of D7-branes. For instance the dilaton field of the IIB bulk theory is not a Kähler coordinate anymore but is replaced by a new dilaton which differs from the old dilaton by a term depending on the D7-brane matter fields. As this Kähler potential for a generic Calabi-Yau orientifold with D7-branes is rather complicated we explicitly examined the Kähler potential for some instructive examples and compared our results with refs. [81, 28] .
The gauge kinetic coupling of the D7-brane gauge boson is not the dilaton as for the gauge theory of space-time filling D3-branes in Calabi-Yau orientifolds but the Kähler modulus which controls the volume of the D7-brane cycle. In this paper we have only considered orientifold theories with a single D7-brane which gave rise to a U(1) gauge theory on the world-volume of the brane. However, more generally for the compactification of Calabi-Yau orientifolds with a stack of N D7-branes the effective four dimensional U(1) gauge theory of a single D7-brane is enhanced to U(N). This non-Abelian gauge group implies via gaugino condensation a non-perturbative superpotential which couples to the Kähler modulus of the gauge kinetic function. As bulk background fluxes can only stabilize the complex dilaton and complex structure moduli [17, 19, 30, 31] , a stack of D7-branes may be used to lift the flat directions of the Kähler moduli fields by gaugino condensation [35, 37] . This mechanism but also non-perturbative superpotentials arising from Euclidean D3-brane instantons have also been used in refs. [35, 38] as an ingredient for the construction of (metastable) deSitter vacua. The calculated supergravity data of this work serves as a good starting point to further examine these features for generic orientifold theories with D7-branes. It would also be interesting to include perturbative α ′ corrections into the analysis along the lines of refs. [20, 39] .
In the computed effective action we have also identified a D-term resulting from charged fields which transform non-linearly under the U(1) gauge theory of the D7-brane. This D-term appears already without any fluxes, however it is further modified if we turn on internal fluxes on the world-volume of the D7-brane. The analysis of these D-terms and the effect of more general internal D7-brane fluxes is interesting in its own right and will be presented elsewhere.
Motivated by the structure of N = 1 special geometry in the context of D5-branes [43] , we analogously analyzed the common moduli space of the bulk complex structure deformations and the D7-brane fluctuations. We found a Kähler potential for this moduli space and adjusted the supergravity Kähler potential accordingly. The Kähler metric for this extended Kähler potential exhibits not the block-diagonal structure of the complex structure moduli and the D7-brane matter moduli anymore but includes also off-diagonal entries. We showed that these entries vanish in the limit of small complex structure and small D7-brane matter field excitations. µ, ν, . . . denote directions tangent to the world-volume W whereas the Roman indices n, m, . . . stand for directions normal to the world-volume W.
Analogously, one computes with (A.1) and (A.2) the pullback of a q-form of the manifold M to the world-volume W and obtains up to second order in derivatives 
A sB ,
(B.
2)
The integral for G AB can be rewritten according to
where we used that the sections s A andsB are in the normal bundle of S Λ and that Ω ∧Ω as well as J ∧ J ∧ J are proportional to the volume form of the Calabi-Yau manifold Y . Finally with (3.10) and (3.30) we find
(B.4)
Similarly one shows with (2.14) that
With the definition of the Hodge star operator * on a four dimensional Kähler manifold with Kähler form J we find for a one formĀ of type (0, 1) the identity * Ā = 2iĀ ∧ J. And thus H IJ of (B.2) fulfills with (3.31)
If we now insert the expressions (B.4), (B.5) and (B.6) into (B.1), we arrive at the action (3.29) of section 3.4.
C Mixed gauge kinetic coupling functions
In section 3.4 we have assumed that all the integrals (3.34) vanish, and that therefore the topological Yang-Mills terms dVα ∧ F and dUα ∧ F in the Chern-Simons action (3.33) disappear. Here we drop this assumption and examine how these additional terms in the action modify the gauge kinetic coupling functions (4.27) and (4.28). However, the presence of non-zero integrals (3.34) also implies that there are three forms of the CalabiYau manifold Y , which pull back non-trivially to S Λ . As a consequence there are bulk complex structure deformations, which are not captured by the variation of mixed Hodge structure of relative forms (cf. section 5 and (5.5)). In order to avoid these subtleties of the complex structure deformations these moduli are kept fixed in this appendix.
As the appearance of non-zero integrals (3.34) only involves the topological Yang-Mills terms of the bulk and brane vector fields, it can only affect the gauge kinetic coupling functions of the defining data of the N = 1 supergravity action, that is to say the Kähler potential and the superpotential remain unchanged. 19 Therefore our first task is to collect all the terms relevant for the gauge kinetic coupling functions Note that in this action the vector fields Vα and Uα are not independent but via (2.2) dual among another. Therefore we eliminate the fields Uα by the procedure described at First one observes that for vanishing integrals (3.34) the gauge kinetic coupling functions (4.27) and (4.28) are recovered. However, for this more general case the gauge kinetic coupling functions are not anymore diagonal in the bulk and D7-brane vector fields, as there arise off-diagonal entries depending on the Wilson line fields. Furthermore the coupling matrix (C.3) is still holomorphic in the chiral fields at least as long as the complex structure moduli are kept fixed.
